Contents

Preface v

Notation xi

1 Homogenization 1 1.1 Introduction to Periodic Homogenization . . . . . . . . . . . . 2 1.1.1 A Model Problem in Conductivity . . . . . . . . . . . 3 1.1.2 Two-scale Asymptotic Expansions . . . . . . . . . . . 6 1.1.3 Variational Characterizations and Estimates of the Effective Tensor . . . . . . . . . . . . . . . . . . . . . . . 9 1.1.4 Generalization to the Elasticity System . . . . . . . . 11 1.2 Definition of H-convergence . . . . . . . . . . . . . . . . . . . 15 1.2.1 Some Results on Weak Convergence . . . . . . . . . . 15 1.2.2 Problem Statement . . . . . . . . . . . . . . . . . . . . 19 1.2.3 The One-dimensional Case . . . . . . . . . . . . . . . 22 1.2.4 Main Results . . . . . . . . . . . . . . . . . . . . . . . 25 1.3 Proofs and Further Results . . . . . . . . . . . . . . . . . . . 31 1.3.1 Tartar’s Method . . . . . . . . . . . . . . . . . . . . . 31 1.3.2 G-convergence . . . . . . . . . . . . . . . . . . . . . . 43 1.3.3 Homogenization of Eigenvalue Problems . . . . . . . . 50 1.3.4 A Justification of Periodic Homogenization . . . . . . 55 1.3.5 Homogenization of Laminated Structures . . . . . . . 63 1.3.6 Corrector Results . . . . . . . . . . . . . . . . . . . . . 71 1.4 Generalization to the Elasticity System . . . . . . . . . . . . 77 1.4.1 Problem Statement . . . . . . . . . . . . . . . . . . . . 77 1.4.2 H-convergence . . . . . . . . . . . . . . . . . . . . . . 79 1.4.3 Lamination Formulas . . . . . . . . . . . . . . . . . . 83

xiii

2 The mathematical modeling of composite materials 91 2.1 Homogenized Properties of Composite Materials . . . . . . . 92 2.1.1 Modeling of Composite Materials . . . . . . . . . . . . 92 2.1.2 The G-closure Problem . . . . . . . . . . . . . . . . . 94 2.2 Conductivity . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 2.2.1 Laminated Composites . . . . . . . . . . . . . . . . . . 102 2.2.2 Hashin-Shtrikman Bounds . . . . . . . . . . . . . . . . 107 2.2.3 G-closure of Two Isotropic Phases . . . . . . . . . . . 120 2.3 Elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 2.3.1 Laminated Composites . . . . . . . . . . . . . . . . . . 126 2.3.2 Hashin-Shtrikman Energy Bounds . . . . . . . . . . . 138 2.3.3 Toward G-closure . . . . . . . . . . . . . . . . . . . . . 162 2.3.4 An Explicit Optimal Bound for Shape Optimization . 165

3 Optimal Design in Conductivity 189 3.1 Setting of Optimal Shape Design . . . . . . . . . . . . . . . . 190 3.1.1 Definition of a Model Problem . . . . . . . . . . . . . 191 3.1.2 A first Mathematical Analysis . . . . . . . . . . . . . . 195 3.1.3 Multiple State Equations . . . . . . . . . . . . . . . . 199 3.1.4 Shape Optimization as a Degeneracy Limit . . . . . . 201 3.1.5 Counterexample to the Existence of Optimal Designs . 206 3.2 Relaxation by the Homogenization Method . . . . . . . . . . 211 3.2.1 Existence of Generalized Designs . . . . . . . . . . . . 211 3.2.2 Optimality Conditions . . . . . . . . . . . . . . . . . . 216 3.2.3 Multiple State Equations . . . . . . . . . . . . . . . . 225 3.2.4 Gradient of the Objective Function . . . . . . . . . . . 231 3.2.5 Self-adjoint Problems . . . . . . . . . . . . . . . . . . 233 3.2.6 Counterexample to the Uniqueness of Optimal Designs 244

4 Optimal Design in Elasticity 259 4.1 Two-phase Optimal Design . . . . . . . . . . . . . . . . . . . 261 4.1.1 The Original Problem . . . . . . . . . . . . . . . . . . 261 4.1.2 Counterexample to the Existence of Optimal Designs . 267 4.1.3 Relaxed Formulation of the Problem . . . . . . . . . . 274 4.1.4 Compliance Optimization . . . . . . . . . . . . . . . . 277 4.1.5 Counterexample to the Uniqueness of Optimal Designs 296 4.1.6 Eigenfrequency Optimization . . . . . . . . . . . . . . 306 4.2 Shape Optimization . . . . . . . . . . . . . . . . . . . . . . . 316 4.2.1 Compliance Shape Optimization . . . . . . . . . . . . 317

4.2.2 The Relaxation Process . . . . . . . . . . . . . . . . . 321 4.2.3 Link with the Michell Truss Theory . . . . . . . . . . 336

5 Numerical Algorithms 343 5.1 Algorithms for Optimal Design in Conductivity . . . . . . . . 345 5.1.1 Optimality Criteria Method . . . . . . . . . . . . . . . 346 5.1.2 Gradient Method . . . . . . . . . . . . . . . . . . . . . 349 5.1.3 A Convergence Proof . . . . . . . . . . . . . . . . . . . 351 5.1.4 Numerical Examples . . . . . . . . . . . . . . . . . . . 356 5.2 Algorithms for Structural Optimization . . . . . . . . . . . . 358 5.2.1 Compliance Optimization . . . . . . . . . . . . . . . . 360 5.2.2 Numerical Examples . . . . . . . . . . . . . . . . . . . 368 5.2.3 Technical Algorithmic Issues . . . . . . . . . . . . . . 372 5.2.4 Penalization of Intermediate Densities . . . . . . . . . 381 5.2.5 Quasiconvexification versus Convexification . . . . . . 385 5.2.6 Multiple Loads Optimization . . . . . . . . . . . . . . 394 5.2.7 Eigenfrequency Optimization . . . . . . . . . . . . . . 401 5.2.8 Partial Relaxation . . . . . . . . . . . . . . . . . . . . 413